Fluid-filled shells are near-ubiquitous in natural and engineered structures-a familiar example is that of glass harps comprising partially filled wineglasses or glass bowls, whose acoustic properties are readily noticeable. Existing theories modelling the mechanical properties of such systems under vibrational load either vastly simplify shell geometry and oscillatory modal shapes to admit analytical solutions or rely on finite-element black-box computations for general cases, the former yielding poor accuracy and the latter offering limited tractability and physical insight. In the present study, we derive a theoretical framework encompassing elastic shell deformation with structural and viscous dissipation, accommodating arbitrary axisymmetric shell geometries and fluid levels; reductions to closed-form solutions under specific assumptions are shown to be possible. The theory is extensively verified against a range of geometries, fluid levels and fluid viscosities in experiments; an extension of the model encompassing additional solid objects within the fluid-filled shell is also considered and verified. The presented theoretical advance in describing vibrational response is relevant in performance evaluation for engineered structures and quality validation in manufacturing.
Introduction
Fluid-filled shells occur commonly in engineered structures, for instance, water storage tanks and reservoirs in urban environments [1] [2] [3] [4] , liquid transport containers for rail and road use [5] [6] [7] , and reactor systems in chemical manufacturing [8, 9] . The mechanical properties of these structures under combinations of static load and vibrational excitation are of great interest [10] [11] [12] [13] [14] , for the evaluation of design performance; when applied inversely, key material properties can also be determined from bulk mechanical response, useful in scientific analyses and in quality control for manufacturing processes [15] [16] [17] . A variety of physical phenomena also occur in confined shells consequent of fluid-structure interactions, such as viscous damping and instabilities, the potential occurrence of sub-harmonic resonances [18, 19] , and the formation of solitons or other nonlinear wave structures [20] , an understanding of which is important for accurate description of such systems in certain regimes.
Of great familiarity to many is also the glass harp [21] , a musical instrument comprising numerous partially filled wineglasses or glass bowls, each producing a tone upon mechanical excitation. Individual glasses or bowls are commonly referred to as singing wineglasses [22] [23] [24] [25] and singing bowls [26] , whose acoustic qualities when struck or pinged are easily noticeable. Despite their commonplace ubiquity, current theoretical understanding of their vibrational characteristics is incomplete. Existing literature [22, 23, [27] [28] [29] [30] typically assumes specific forms and coefficients for dynamical equations, fluid damping is neglected, or system geometry is vastly simplified, compromising predictive power; more general models typically rely on finite-element computations offering limited tractability and insight. We seek to contribute in closing this lacuna in the current paper.
We present a theoretical framework derived with minimal assumptions, capable of accommodating exact axisymmetric shell geometries filled to any fluid level with effects of structural damping from the shell material and viscous damping from the fluid accounted for. Closed-form analytic solutions are given in special cases, yielding an understanding of the effects of geometric and material parameters on vibrational behaviour; the accompanying numerical approach for general cases does not require a finite-element scheme to solve, and offers excellent quantification of frequency response across a variety of shell geometries and fluids. Extensive experimental verification of our theoretical results is also presented. Lastly, an extension of our model is considered, to accommodate the insertion of solid objects within the fluid-filled shellthis is shown to possibly result in a counterintuitive drop in the natural frequency of the system. While the study focuses on wineglasses as examples of fluid-filled shells, the model is applicable to arbitrary axisymmetric shell geometries. The theory offers enhanced predictive ability on the vibrational behaviour of half-open fluid-filled shells, hence facilitating their optimization and design evaluation.
An undamped model is first presented to establish fundamental results ( §2), encompassing both an approximate analytical approach and a numerical method. A generalized model accounting for damping effects is then detailed in §3, followed by comparisons of theoretical and experimental results in § §4 and 5, and finally the effects of external solid objects in §6. A conclusion then follows in §7.
Undamped oscillatory response (a) Analytic model
An undamped model neglecting structural damping from the shell and viscous damping from the fluid, but accounting for the added oscillatory mass of the fluid, is first considered in order to admit analytical solutions. In particular, we seek to obtain a closed-form solution for the natural frequency of the system ω 0 . We adopt a modified form of the approach by French [22] , with corrections made to enhance accuracy. The wineglass (fluid-filled shell) is treated as a cylinder of radius R, height H, uniform thickness d, density ρ g and Young's modulus Y, filled with an inviscid fluid of density ρ f to a height h. We define a cylindrical coordinate system centred at the base (figure 1). The stem of the wineglass, or more generally any supporting structure on the exterior of the fluid-filled shell, is assumed to contribute negligibly to the vibratory response of the system-this is indeed reflected in observed experimental results ( §5).
All oscillations are assumed to be harmonic and parallel to the x-y plane. The radial displacement of the glass is taken to be of the form
where 0 ≤ f m (z) ≤ 1 describes the cantilever modal shape of unit amplitude, θ is the azimuthal angle, m and n are the vertical and azimuthal mode numbers, respectively, and ω is the angular frequency. Since the neutral surface of the glass conserves the wineglass circumference, the azimuthal displacement is
It can then be shown that for small deformations, the kinetic and potential energies of the glass, denoted T g and V g , respectively, are
and
where
and β m is the mth root of cosh β cos β = −1. For small oscillations of an inviscid fluid, the velocity field can be taken to be irrotational. The velocity potential is then φ = a n r n cos nθ sin ωt as given by the Laplace equation ∇ 2 φ = 0, where a n is coupled to the boundary conditions at the glass wall surface. The kinetic energy of the fluid T f is therefore Notably, the equivalent expression for T f previously obtained by French [22] includes an erroneous factor of 5/8-the coefficients of the radial and tangential fluid displacements were not accurately obtained while considering volume conservation.
Defining α = 0 cos ωt, the system Lagrangian can be written as
where k and M are the generalized elastic constant and mass, respectively. The undamped natural frequency ω 0 = k/M is therefore
For the fundamental mode (m, n) = (1, 2), approximating f 1 (z) ≈ (z/H) 3/2 and β 1 ≈ 1.875 yields
Equations (2.5) and (2.6) represent the closed-form expressions for the natural frequency ω 0 of an undamped cylindrical wineglass. It appears clear that the addition of a fluid increases the inertia of the system and hence reduces natural frequency; however, we show later with both undamped and damped models that such an intuition is not always correct. We also note that equation (2.6) does not have any free fitting parameters as the fluid motion is fully modelled by the Laplace equation and coupled to the motion of the wall surface, unlike the final expression previously obtained by French (equation (17) in [22] ). This enables a significantly greater degree of predictive power with our model.
(b) Numerical approach
The analytic model ( § §2a) indicates strong dependence of ω 0 on R and d, but such geometrical parameters are ambiguous for most real-world fluid-filled shells that are not cylindrical in shape. Therefore, despite the elegance of the analytic model, its accuracy in quantifying the frequency response of arbitrarily shaped shells remains inadequate.
We hence formulate a numerical approach, where the shell radius and thickness are generalized to R(z) and d(z), respectively, and the cantilever modal shape f m (z) no longer applies. Instead, the linearized elastic theory for thin shells [31] is employed to model deformations of the shell material.
The neutral surface of the shell is a surface of revolution about the z-axis equidistant from the inner and outer shell surfaces (middle surface). As shown in figure 2, a local coordinate system on the middle surface is formed by vectors e 1 and e 2 , tangent to the z-and θ-coordinate lines, respectively, and an inward normal vector e 3 . The displacement components along these three basis vectors are denoted u, v and w, respectively. The equations of motion are obtained by considering the forces and moments acting on an element of the neutral surface, illustrated in figure 3 , with an inertial term for the acceleration of the element, expressed as where A = 1 + R 2 z and B = R are the Lamé parameters,
are the principal radii of curvature, N 1 and N 2 are normal load components in the z-and θ-directions, respectively, M 1 and M 2 are bending moment components in the θ-and z-directions, respectively, and subscript notation for differentiation is adopted. The ρ f φ t term in equation (2.7) represents the fluid pressure on the wall surface. In addition, the strain-displacement relations for the shell may be written as
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and where ε 1 and ε 2 are the linear strain components in the z-and θ-directions, respectively, γ 12 is the shear strain component in the middle surface, χ 1 and χ 2 are the changes in curvatures of the middle surface in the direction of the z-and θ-coordinate lines, and χ 12 represents the twist of a differential element of the middle surface due to the bending of the shell. Lastly, the constitutive equations for the shell are obtained by applying Hooke's Law for thin shells, and they are expressed as 
10) with a fourth-order finite difference method, though other numerical schemes can similarly be used. The sampling and grid construction procedures for the employed scheme is detailed in electronic supplementary material, appendix A. The resonant frequencies, at which maximal response amplitudes are attained, were then determined with a bisection method while sweeping the frequency range of interest.
Structural and viscous damping
In the presence of damping, a fluid-filled shell excited by an external periodic driving force resonates at a frequency ω r that is lower than its natural frequency ω d . The relation ω r ≤ ω d ≤ ω 0 where the equalities hold in an undamped system is typical of linear harmonic oscillators. Of great interest is the frequency response of such shells, for the evaluation of acoustic or vibrational performance in engineered structures, or the characterization of structural properties and defects. As a commonplace example, the quality of wineglasses is sometimes discerned from the sound produced when they are brought together (such as when a toast is made). In this section, we examine damping within both the shell and fluid, which has not been examined before in prior literature.
In replacement of the Helmholtz equation for inviscid fluid flow, the linearized Navier-Stokes and compressibility equations are adopted in this numerical approach:
where u is the fluid velocity, p is the fluid pressure, μ is the dynamic viscosity, and ζ is the volume viscosity. The boundary conditions used for the fluid domain comprise no-slip at the walls, a dynamic free-surface pressure condition, and zero vertical shear stresses at the free surface (see electronic supplementary material, appendix B). 
Experimental set-up
The adopted experiment set-up is shown in figure 4 . A sinusoidal waveform produced by a signal generator is passed through a 1100 W monoblock power amplifier into a Pyle PDS521 600 W compression horn driver. The driver is directed near the wineglass rim and is capable of producing high amplitude, focused sound. The wineglass vibrations are detected by a piezoelectric contact microphone attached near the rim. Frequency sweeps were then performed at a rate of 0.2 Hz s −1 and the resonant frequency was determined with a fast Fourier transform of the microphone signal. Control runs were performed without the wineglass but with a secondary condenser microphone mounted in proximity to the horn driver, thus enabling the normalization of the detected wineglass vibrational amplitude to the horn driver acoustic amplitude across the frequency sweeps, to account for the frequency response of the driver horn. The modes of wineglass oscillation were verified by varying the position of the contact microphone on the wineglass.
Results and discussion
To demonstrate the robustness of the presented models to shell geometry, six wineglasses of different shape profiles and size were used for experiments, summarized in 
(a) Resonant frequencies
Experimentally measured resonant frequency f r ≡ ω r /2π against filling fraction ϕ ≡ h/H for various wineglasses and oscillation modes (m, n) is presented in figure 5 , alongside predictions from the undamped analytic and numerical models. Water was used as the filling fluid, whose low viscosity enables the undamped models to be suitably applied. In the analytical model, the Young's modulus Y of the glass was fitted to achieve reasonable agreement with experiment results (table 1) , and R = R(H) and d = d(H) were taken for consistency; for the numerical model, Y was empirically characterized (see electronic supplementary material, appendix C). Deteriorating accuracy of analytic predictions can be observed at large ϕ, and the best-fit Y across wineglasses are also inconsistent, reflecting imperfect dynamical description due to the simplifications adopted; on the other hand, the numerical predictions exhibit excellent agreement with experiment measurements across all ϕ, using a consistent characterized Y across all wineglasses. It is observed that f r decreases with increasing ϕ, indeed expected due to the added oscillating mass while shell stiffness is unchanged. Furthermore, changes in f r are expected to be minimal at small ϕ due to the cantilever-like modal shape of glass oscillations, explaining the observed plateaus. A similar comparison of f r against ϕ is presented in figure 6 , for fluids of differing densities. Slight deviations are likewise observed for the analytic model, but the numerical model exhibits excellent agreement with experiment results. The accuracy offered by the numerical model across varying shell geometries, fluid levels and fluid densities is hence evident, whereas the computationally simpler analytical model may suffice for cylindrical-like shell geometries with constant thicknesses at low ϕ.
A comparison of measured f r against damped numerical predictions is presented in figure 7 , for water and high-maltose corn syrup (HMCS) as the filling fluids. Note that the viscosity of the HMCS is respectively approximately 10 and approximately 10 4 times greater than that of the diluted HMCS and water used in figure 6 , thus necessitating the use of the damped model. Nonnegligible viscous damping results in a further decrease in f r than would otherwise be observed from increased density alone.
(b) Frequency response 
External solid objects in fluid
As an extension to our presented work, we consider the insertion of external solid objects into the fluid-filled shell. Chen et al. [23] had previously reported that replacing a part of the fluid with a solid column, counterintuitively, decreases the natural frequency despite a reduced fluid mass. This was attributed to an increase in the effective inertia of the fluid due to greater pressures at the walls of the solid column; but theoretical account of this phenomenon remains limited, with existing models accommodating only vastly simplified geometries that are effectively twodimensional [23] .
Here, the analytic and numerical undamped models ( §2) are modified to better quantify this frequency drop. In both models, only the equations that govern the fluid motion-the boundary conditions at the solid wall and limits of integration for the fluid domain-require modification to reflect the presence of the solid object. As shown in figure 9 , an axisymmetric solid object is considered, with a surface profile described by a function R i (z). The centre of the object base is a distance h o away from the base of the shell. In the analytic model, the object shape is again restricted to a cylinder. The velocity potential is now given by φ = (a n r n + b n r −n ) cos nθ sin ωt, where a n and b n are determined by the boundary conditions at the glass wall and the object wall. Therefore, for h > h o ,
Since Z > z * h , the fluid possesses a greater kinetic energy, signifying a greater effective inertia of the fluid. The natural frequency is therefore given by
which is clearly less than that given by equation (2.5) for a fluid-filled shell without inserted solids. More accurate quantification for general shell geometries can be obtained with the numerical model. The boundary conditions of the Helmholtz equation that governs the fluid flow are modified at the object-fluid interface to reflect zero normal velocity, and the model is then similarly solved through a finite difference scheme (see electronic supplementary material, appendix A for details). A comparison of experimental results, analytical calculations, and numerical calculations is presented in figure 10 , clearly illustrating the decrease in resonant frequency when a solid object is inserted into the fluid. An excellent match is evident for numerical predictions. This effect from the insertion of solid objects can possibly be exploited to achieve continual pitch-shifting in glass harp instruments, or to aid in their tuning through the addition or removal of solid ballast. 
Conclusion
Three important models have been presented in the present study, each more general than the previous, at the cost of increased complexity. An analytical model ( § §2a) was first presented under the simplifications of cylindrical shell geometry, approximate cantilever modal shapes, and absence of structural and viscous dissipation, admitting closed-form solutions of the natural frequency of different modes. In comparison to related literature [22] , a coefficient in fluid kinetic energy has been corrected, and free-fitting parameters have all been eliminated, enabling greater predictive power. Next, we accommodate arbitrary axisymmetric non-cylindrical geometry, alongside a more complete modelling of elastic shell deformations and the induced irrotational fluid flow; but analytical solutions are no longer feasible, and a numerical approach is hence taken ( § §2b). Lastly, structural damping within the shell material and viscous dissipation from the fluid are accounted for while maintaining generality to axisymmetric geometry and fluid level ( §3), enabling predictions on the complete frequency response of the system. Comprehensive experimental validation of computed resonant frequencies and frequency response curves for a wide range of shell geometries and fluids have been demonstrated. While the analytical model is mathematically elegant and offers great transparency into the effects of geometric and fluid parameters, the nature of the simplifications adopted inevitably introduces errors, especially when shell geometry deviates significantly from cylindrical or when fluid filling fraction is large; the numerical models, on the other hand, exhibit excellent agreement with experimental results across all investigated parameter spaces. It is also notable that the undamped model maintains great accuracy in describing natural and resonant frequencies up to very significant fluid viscosities-only with viscosities 10 4 cP do deviations become noticeable, necessitating the use of the damped model. Finally, as an extension to the theoretical work presented, the effects of additional solid objects within the fluid-filled shell have been studied, with our model again exhibiting excellent agreement with experiment measurements. While the counterintuitive decrease in natural frequency had previously been reported [23] , our work presents a significant improvement in the modelling of the phenomenon.
That the apparent simplicity of wineglasses-examples of fluid-filled shells commonplace in everyday life-hides such interesting physics is incredibly intriguing, and has partially motivated their use in this study. The theoretical analysis of such systems presented here can greatly facilitate the tuning and optimization of the glass harp or related instruments for desired tone and sound quality [32] . On the industrial front, our models may be of general relevance to the evaluation of mechanical performance of engineered shell structures, for instance, vessels for fluid transportation. The inverse analysis of vibrational responses can likely also determine the material properties of the shell and the contained fluid, and can be useful in quality control in manufacturing, for instance to detect structural defects; but exploring these applications is beyond the scope of the current study. Extending the presented theoretical approach to nonaxisymmetric shells is possible but will be greatly complicated, and can also be an avenue for future research. 
